It is well established that a light beam can carry angular momentum and therefore when using optical tweezers it is possible to exert torques to twist or rotate microscopic objects. Both spin and orbital angular momentum can be transferred. This transfer can be achieved using birefringent particles exposed to a Gaussian circularly polarized beam. In this case, a transfer of spin angular momentum will occur. The change in spin, and hence the torque, can be readily measured optically. On the other hand, it is much more challenging to measure orbital angular momentum and torque. Laguerre-Gauss mode decomposition, as used for orbital angular momentum encoding for quantum communication, and rotational frequency shift can be used, and are effective methods in a macro-environment. However, the situation becomes more complicated when a measurement is done on microscale, especially with highly focused laser beams. We review the methods for the measurement of the angular momentum of light in optical tweezers, and the challenges faced when measuring orbital angular momentum. We also demonstrate one possible simple method for a quantitative measurement of the orbital angular momentum in optical tweezers.
INTRODUCTION
The transport of momentum by light (or other electromagnetic radiation), and the possibility of transferring this momentum to matter, is the key principle that makes optical tweezers and other forms of optical micromanipulation possible.
1 Apart from being trapped in optical tweezers as a result of exchange of linear momentum of light, microscopic particles can also undergo rotation due to transfer of angular momentum carried by the trapping beam. This can be in the form of spin angular momentum (SAM), orbital angular momentum (OAM) or both.
The spin angular momentum density of an electromagnetic field is the intrinsic angular momemtum density, and is, by definition, independent of the choice of origin about which moments are taken. The orbital angular momentum is extrinsic, and does depend on the choice of origin. While there has been controversy over the division of the angular momentum into spin and orbital components in the general case, 2-4 on the bases of gauge invariance and Lorentz invariance, there is no such difficulty when considering optical trapping by a steady-state time-harmonic field. In particular, it can be shown that the projection in the direction of the wavevector k of the spin angular momentum operator is gauge invariant 3 and therefore the spin of the photon is commonly described as oriented in the direction of light propagation and can have two possible values, ±h. Thus, the spin angular momentum of a beam is associated with its polarization and for circularly polarized light, depending on the handedness, the beam carries ±h per photon. Linearly polarized light, which can be described as a coherent superposition of two circularly polarized beams with opposite handedness and equal irradiance, carries no spin angular momentum and elliptical polarized light carries between 0 and ±h per photon depending on the irradiance ratio of the right and left-handed circularly polarized components.
The orbital angular momentum flux depends on the moment of the momentum flux. Therefore, in general the orbital part of the angular momentum depends on the choice of origin about which moments are taken. However, in typical cases where orbital angular momentum is employed for the rotation of particles in optical tweezers, such as, for example, optically-driven micromachines, it is only the vector component of the orbital angular momentum flux about the beam axis that is of interest. Since the momentum flux of the beam, normal to the beam axis, is zero (from the definition of the beam axis), the total value of this vector component, integrated over the beam, is independent of the choice of origin-the total orbital angular momentum about the beam axis can be described as intrinsic, even though the density of the orbital angular momentum is still dependent on this choice. 
MEASUREMENT OF SPIN ANGULAR MOMENTUM
Since the spin angular momentum flux depends on the circular polarization of the light, 6, 7 it is relatively straightforward to optically measure the spin angular momentum flux, and the torque generated by transfer of spin angular momentum. 7, 8 A degree of circular polarization of the beam is defined as
where P L and P R are the powers of the left and right-handed circularly polarized components and P = P L + P R is the total power of the beam. It can be shown 7 that the spin torque exerted on a particle that changes the polarization state and hence σ z of the incident beam (by birefringence or form birefringence) is given by
where Δσ z is the change in degree of circular polarization of the light and ω is the optical frequency of the light. In order to measure the torque, the only quantities to be measured are the powers of the two circularly polarized components.
A schematic of how this can be achieved practically is shown in figure 1 . Essentially, the incoming circularly polarized beam without the particle in the trap or the elliptically polarized outcoming beam altered by the particle in the trap is decomposed into two orthogonal linearly polarized components by the combination of the quarter-wave plate (λ/4) and a polarizing beam splitter (PBS) cube. These two components of the beam are directed to the photodetectors (PD1 and PD2) which will thus measure the powers of the right and lefthanded circularly polarized components. The difference and sum of these two powers give the degree of circular Figure 1 . Optical spin torquemeter. Schematic of experimental method for optical measurement of spin angular momentum. The power of the two circularly polarized components is measured, and the spin torque can be obtained using equations (1) and (2) . polarization σ z (equation (1)). The difference in the degree of circular polarization with and without the particle in the beam gives the optical torque due to spin angular momentum.
Using a spherical birefringent object, about which the fluid flow is simple, as a probe particle, the rheological properties of the surrounding fluid can be measured.
9, 10

MEASUREMENT OF ORBITAL ANGULAR MOMENTUM
While it is straightforward to measure the spin angular momentum, it is much more difficult to measure the orbital angular momentum. Since in the general case, both spin and orbital angular momenta will contribute to the total torque, it is desirable to be able to measure both. A number of methods have been used successfully for the measurement of orbital angular momentum of light beams, and the key issue is whether these methods can be practically implemented in optical tweezers.
Mode decomposition
In the paraxial limit, a beam can be represented as a superposition of paraxial beam modes, such as HermiteGauss or Laguerre-Gauss modes, with the beam amplitude written as
where ψ p are the mode functions, or basis functions, and a p are the amplitudes of the modes. With appropriate choice of units of the amplitude, the total power of the beam is
Since the Laguerre-Gauss modes are separable in polar coordinates, i.e., we can write the modes as
it can be shown, using the orbital angular momentum operator L = (r × ∇)/i, that each mode carries h orbital angular momentum per photon, and that the total orbital angular momentum of the beam about the beam axis is
Therefore, if the power in the individual modes can be found, i.e., the individual |a p | 2 , the total orbital angular momentum will be known. If the method used is not sensitive to the radial mode index p, then instead of measuring the power in the individual modes, it is possible to measure the power for all p and a single value of simultaneously, i.e., to measure
This greatly reduces the number of mode powers that need to be measured.
One method of measuring the power in Laguerre-Gauss modes is to use an analyzing hologram to separate components of the beam with different angular momenta (see figure 2) . This method has proved to be able to identify the orbital angular momentum of a mode, which is useful for transmission of data encoding in orbital angular momentum states. 11 We have also used this method for the measurement of the torque exerted on a macroscopic object in a paraxial beam, 12 but previous attempts to implement this in a high numerical aperture optical tweezers system did not prove successful. The successful implementation of this method in a high numerical aperture system is described in detail further below. 
Rotational frequency shift
Another possible method of measuring optical orbital angular momentum is rotational frequency shift.
13 Consideration of the work done by an optical torque on an object rotating at angular frequency Ω shows that if a beam transfers nh angular momentum per photon, there must be a frequency shift of −nΩ, with the reduction in beam energy due to this frequency drop being equal to the work done.
13-17
If the rotating object is birefringent, and changes the spin angular momentum of the beam as it passes through, and not the orbital angular momentum, this provides a measurement of the spin angular momentum. For example, a circularly polarized beam will transfer 2h per photon to a rotating half-wave plate, and the frequency shift will be 2Ω.
If the beam is passed through an optical element such as a Dove prism that will change the orbital angular momentum, and not the spin, the orbital angular momentum can be measured. This type of measurement has been successfully performed, 18, 19 but is likely to be difficult to implement in an optical tweezers system.
Wavefront measurement
Since the orbital angular momentum results from the transverse flow of energy, it is also possible to measure the orbital angular momentum by measuring the wavefront of the beam. If the beam is a Laguerre-Gauss mode, this will reveal the presence of helical wavefronts, and, for example, allows identification of LG modes. 20 The wavefront can be measured interferometrically, which will show the variation of phase across a cross-section of the beam. It can also be done using a wavefront sensor such as a Shack-Hartmann array-in this case, it is the transverse flow of energy that is directly measured, and the phase variation is inferred from this.
If we are content to measure the orbital angular momentum about a pre-determined axis, the task can be simplified. The z-component of the orbital angular momentum operator is
and we only need to know the azimuthal variation of the phase or the azimuthal component of the Poynting vector. When the total transverse momentum of the beam is zero, such as it is by definition when we take moments about the beam axis, the total orbital angular momentum is independent of the location of this axis, and, in principle, we need not be concerned with whether or not the center about which we are measuring this azimthal variation coincides with the beam axis or not. However, it could be useful to measure both transverse vector components of the phase variation or the energy flow, since this will allow the invariance of the orbital angular momentum with position of this axis to be verified. For example, this can be used to check the alignment of the measurement system.
ORBITAL ANGULAR MOMENTUM VIA MODE DECOMPOSITION
The first of the methods described above was successfully implemented in a high numerical aperture optical system, and used to measure the optical torque on a fixed rod.
Method
The target chosen was a glass rod of length 15 μm and diameter 1 μm. The rod was stuck to a cover slip so that it did not align vertically along the beam axis. This object was chosen as it is readily available and has a relatively simple geometry. An LG 0,2 Laguerre-Gauss beam was generated by a conventional fork hologram. 22 The first diffracted order from the hologram is selected via an aperture and directed to the microscope objective to form the optical trap. The transmitted beam is collected by a second objective, recollimated and passed onto a spatial light modulator (SLM) which acts as a mode analyzer hologram for the laser beam that is incident on it. Holograms corresponding to different modes can be generated on the SLM in succession. For example, an LG 0,−2 hologram will convert the original incident LG 02 beam back to a simple Gaussian mode. By imaging the first order output of the hologram using a CCD camera, the Gaussian component created when any mode is present on the analyzer hologram is detected. Hence, a mode spectrum can be obtained by cycling through holograms for the different values of . In this experiment, the analyzer hologram was cycled from LG 0,−10 to LG 0,10 .
Experimental setup
An IPG fiber laser (model YLD-5), with wavelength 1064 nm, with a plane polarized beam, was used to illuminate a fork hologram (on a conventional holographic plate) with a Gaussian beam. The resulting beam was then passed via fold mirrors into the back aperture of a standard microscope objective (Olympus 100× 1.30 N.A. oil immersion). The beam size was adjusted to just under-fill the back aperture of the objective, without significantly clipping the incident Laguerre-Gauss beam. A second objective (Olympus 40× 0.65 N.A. infinity corrected) was used to then recollimate the focused beam. The same objective was also used as a condenser lens, to focus light from a 50 W halogen bulb for viewing illumination. In order to image the the microscope slide a Firewire camera was used (Prosilica EC1280). Once through the objective lenses, the collimated beam is directed onto a liquid crystal spatial light modulator (SLM) (Holoeye HEO 1080 P). After phase modulation has taken place, the first order diffracted beam is steered onto a beam imaging camera (Prosilica (Allied) GE680 Gigabit Ethernet 16 bit), which is used to record and view images of the focused beams. In order to position the glass rods a micro-positioning stage was used (PI C-862 Mercury). Both the stage and the SLM were controlled by a PC (Intel Xenon dual core). All software was written in the LabVIEW programming environment.
Software
The analysis of Gaussian modes rely on the ability of SLMs to dynamically generate multiple holograms corresponding to appropriate angular momenta. Our method relies on a gratings-and-lenses algorithm similar to that proposed by Liesener.
23 In order to generate the necessary fork holograms, a hologram of a grating was combined with that of a spiral phase plate. A Fresnel lens hologram was utilized for fine adjustment of the position of the first order spot with respect to the camera. The phase modulation mask on the SLM is
Here Γ controls the axial position of the first order diffacted beam. Λ x and Λ y are the fringe periods in the x and y directions. L represents the azimuthal phase ramp and a and b are constants. By varying the grating spacing and orientation the trap can be steered. This method allows the focused beam to be moved in three dimensions.
Although it is quite computationally efficient, there are drawbacks-the hologram produces multiple other orders (ghost orders) which can interfere with the first-order diffracted beam. However, if the grating spacing is adjusted to produce well-spaced traps and the phase response curves of the SLM are set to optimize the light in the first diffracted order, 24 the impact of this is much reduced. In order to keep the center of the fork hologram coaxial with respect to the incoming LG mode, the ability to shift the hologram on a pixel by pixel basis was included in the software (i.e., the ability to vary the values of a and b). The complete hologram was then output to the SLM as an 8-bit array and displayed directly on the SLM.
Astigmatism Correction
During the initial stages of the experiment some beam astigmatism was noted. This is probably due to cumulative errors caused by multiple reflections along the beam path as well as poor optical flatness of the SLM. Such astigmatism was corrected for by adding Zernike polynomials to the kinoform displayed on the SLM. 25, 26 Zernike polynomials can be used for this purpose since they are made up of terms that are of the same form as the types of aberrations often observed in optical systems. The majority of the observed aberration was in coma and tilt terms.
Image processing
In order to properly measure the presence of a zero orbital angular momentum component in the focused spot, careful image processing is needed. Firstly, to maximize the dynamic range of the system a 16-bit camera was used. It was found necessary to eliminate pixel noise from the system. This is done by applying a temporal low pass filter to the image. This has the added benefit of eliminating any high frequency drift in the system caused by air currents. In order to get a representative value for the plane wave components present in any image, a circular region of interest is extracted from the camera image and averaged. The circular region is chosen to reflect the maximum difference between LG 0,1 and LG 0,0 modes. However, since the intensity of the donut shaped beam decays from its maximum towards the central vortex, but does not fall to zero until the central singularity is reached, it is impossible to completely separate light from the individual modes. This separation can be carried out sufficiently well, but there is still significant error associated with this method. This is discussed later in the results section.
Results
In order to calibrate the experiment and estimate the effect of the objectives on the beam, the microscope objectives were first removed from the experiment and the beam was allowed to go through the apparatus without becoming highly focused at any point. By looking at the mode spectrum before and after the objectives were removed, the errors in the system can be estimated. Firstly, it can be seen from figure 5 that a significant fraction of light is lost due to the presence of the objective lenses (approximately 9.4%). However, we can see that the overall mode spectrum remains the same shape, which indicates that there is no significant change in angular momentum caused by the objective lenses, as expected due to the axisymmetry of the lenses. Some power is measured in modes other than LG 0,−2 , likely to be due to errors in detected modes caused by light pollution from other modes. We may estimate this error as 12% without the objective lenses and 18% for the case where the objectives were included in the system. If this error in power distribution among the modes is asymmetric, it will contribute to an error in the angular momentum measurement; if symmetric, it will not contribute to the angular momentum error. It appears to be possible, with the present setup, to measure the angular momentum to within approximately 10%.
When a glass rod was placed at the beam focus, further changes to the mode spectrum could be seen. A clear change in the angular momentum is seen, with a large transfer of power from the LG 0,−2 mode to the LG 0,0 , as expected from the second-order rotational symmetry of the rod. 27 There is also a 37% loss in total power, probably due to reflection from the glass rod or the conversion of the transmitted light into higher order modes.
With no rod in the beam, the transmitted light carries 1.9 ± 0.2h orbital angular momentum per photon. With the rod in the beam, the transmitted light carries 1.5 ± 0.1h. Thus, the angular momentum transfer per photon, or the torque efficiency, is 0.4 ± 0.2h per photon. For glass rods of the sizes used in our experiment, the torque efficiency calculated using T-matrix simulation of the optical forces and torques 28 varies from 0.3h to 0.4h, depending on the radius of the rods. 
INDIRECT MEASUREMENT OF ORBITAL ANGULAR MOMENTUM
While the experiment described above provided a successful measurement of orbital angular momentum, it must be acknowledged that this method, and the other candidate methods, are difficult to implement, especially when it must function in the high numerical aperture optical system required by optical tweezers. Therefore, a simpler method for the measurement of orbital angular momentum is desirable.
Perhaps the simplest indirect method is to measure the rotation rate Ω of an optically-driven object suspended in the surrounding fluid. If the viscous drag torque coefficient C D is known, the total optical torque is then τ = C D Ω. This is of limited use for practical applications of optical torque, since it will not work if the viscosity of the surrounding fluid is unknown, or if there are other torques acting on the rotating object (such as a torque due to an attached biomolecule or other macromolecule being investigated, or a reaction torque from a second object being driven by the first). However, it is a useful technique for the validation of other methods of measuring torques. 29 For an object of known geometry, the drag torque coefficient will depend on the geometry of the particle, and the viscosity η of the surrounding fluid. The viscosity-independent coefficient C D /η can be calculated using computational fluid dynamics. This task is greatly eased in the limit of very low Reynolds numbers (creeping flow), which accurately describes typical flows about optically-driven objects. The calculation is most easily performed in a rotating frame in which the particle is stationary, so that the flow is steady-state. In the creeping flow limit, inertial effects, including inertial (pseudo-)forces in the rotating frame, can be neglected. Therefore, the problem reduces to solving the Laplace equation-each of the vector components of the flow velocity satisfies the Laplace equation, 30 i.e., ∇ 2 v = 0. This can be solved numerically using a three-dimensional finite-element solver. 29 However, in many practical application, the viscous drag coefficient is unknown, because either the fluid properties are unknown, the particle geometry is not known sufficiently well, or because nearby objects affect the drag torque. Noting that it is relatively simple to measure the spin contribution to the optical torque, one might inquire as to whether or not it is possible to use measurement of the spin for the determination of the drag torque coefficient, which would allow the total torque to be found from the rotation rate. Indeed, with a paraxial system, this would be straightforward. In this case, the spin would depend only on the polarization of the beam, and the orbital angular momentum about the beam axis would depend only on the azimuthal component of the wavevector. Therefore, the orbital component of the torque would be independent of the polarization of the beam, and would remain unchanged if the beam were to be changed from, for example, left circularly polarized to right circularly polarized. If the spin contribution to the torque were to change-and if the spin torque was non-zero, such a change in the incident polarization would necessarily result in a change in the handedness of the spin torque-the total torque would change, and the rotation rate would change. If the spin torque is measured for both incident handednesses, the drag torque coefficient and the orbital torque can be found. The relationships between the rotation rates Ω L and Ω R and the spin torques τ spin,L amd τ spin,R for the left and right handed polarizations are
and
where τ o is the orbital torque.
However, the indepedence of the orbital and spin torques cannot be assumed to hold outside the paraxial limit. 31, 32 Instead, it is necessary to consider the total angular momentum carried by the beam. 27 Instead of describing the beam as a superposition of left and right circularly polarized components with ±h spin per photon, and orbital modes with azimuthal phase variation exp(i φ and h orbital angular momentum, the beam can be written as a superposition of TE and TM vector spherical wavefunction (VSWF), or multipole, modes, M nm and N nm , as
Similarly to the Laguerre-Gauss modes, the VSWF modes used here have an azimuthal variation of variation exp(imφ), and carry a total angular momentum of mh per photon. 27, 33, 34 If a beam is focussed by a rotationally symmetric optical system, the total angular momentum will remain unchanged, and the non-zero modes of the non-paraxial beam will be related to the original paraxial beam by m = ± 1. If the paraxial beam is left circularly polarized, the focussed beam will consist solely of modes with m = + 1; the left and right circular components of the original beam result in two independent sets of modes, with m differing by 2 from each other. The fraction of the total angular momentum that is spin depends on the relative amplitudes of modes with the same azimuthal index m and radial index n that differ by 1. In addition to this, the modes into which the incident beam is scattered depends on the rotational symmetry of the scatterer; if the object has p-th order discrete rotational symmetry, an incident beam with non-zero modes with m = m 0 will result in a transmitted beam with non-zero modes m = m 0 , m 0 ± p, m 0 ± 2p, m 0 ± 3p, m 0 ± 4p, .... Therefore, the modes corresponding to the left and right circularly polarized components of the original beam remain independent of each other. If both polarizations are present, the total spin and orbital components of the torque will be the sums of the individual spin and orbital components of the two polarizations.
Therefore, with the addition of an extra measurement, with the original beam being linearly polarized, the same method can be used to obtain the orbital torque even with a non-paraxial beam. The three measurements of spin torque will be related to the three rotation rates by
where Ω 0 is the rotation rate for the linearly polarized case. From this, both the left and right orbital torques can be determined, as well as the drag torque coefficient. As an example of the application of this method, we consider the structure with 4-th order rotational symmetry shown in figure 7. This object was trapped in an LG 0,2 beam, and the rotation rate and spin torque measured for left and right circular, and linear, polarization of the beam incident on the objective. 29 The torques and rotation rates are shown in figure 8 . Here, the rotation frequency varied from 2.25 Hz (left circular) to 3 Hz (right circular) with an uncertainty of 5%. The laser power at the object was 40 mW. We find that the spin torques corresponding to the two handednesses are of equal magnitude, and the spin torque for the linearly polarized beam is zero. Within the uncertainty of the spin torque measurements, the orbital torque for the two circular polarizations is the same. The orbital torque is therefore 0.2 ± 0.03h per photon. For the linearly polarized incident beam, this is also the total torque. 
CONCLUSION
We have considered a number of methods for the direct and indirect measurement of optical orbital angular momentum, and have demonstrated two of these methods. We described the experimental realization of a direct method, determining the angular momentum spectrum by mode decomposition using an analyzing hologram on an SLM. We also described an indirect method, where measurements of the spin torque and rotation rate for different incident polarizations are combined to find the orbital torque.
In addition to the method we used for direct measurement of the orbital angular momentum, rotational frequency shift and wavefront measurement are potentially useful methods. Both have been used for the measurement of orbital angular momentum, but we are unaware of any successful application of these methods in optical tweezers. Measurement of the orbital angular momentum by mode decomposition appears to work, and is in agreement with expected torque efficiencies. However, as with the other methods that were described here, this method is difficult to implement, and is sensitive to alignment.
We have found the alternative method, indirect measurement through measurement of spin for varying polarizations, to be useful in practice, but the method is restricted to cases where (1) the object is rotating, (2) the object has discrete rotational symmetry of 3rd order or greater, and (3) the object will be in the same position relative to the beam for the different polarizations for which the torque is measured. In principle, this method can be used even if the orbital torque varies for the different polarizations, but we have so far found it to remain the same, within measurement uncertainty, as we change the polarization.
The measurement of orbital angular momentum in optical tweezers is not an impossible task, but it is a difficult task to perform accurately and reliably, and much work remains to be done in the improvement of existing methods and the development of new methods.
